Abstract. We give an alternate presentation of the cyclotomic rational Cherednik algebra, which has the useful feature of compatibility with the DunklOpdam subalgebra. This presentation has a diagrammatic flavor, and it provides a simple explanation of several surprising facts about this algebra. It allows direct proof of the connection of category O to weighted KLR algebras, provides an algebraic construction of the KZ functor, and provides a better framework for connecting Cherednik algebras to Coulomb branches of 3-d gauge theories.
Introduction
In this paper we consider the rational Cherednik algebra H in the cyclotomic case, i.e. that of the complex reflection group G(ℓ, 1, n). This is an algebra with a quite rich and interesting representation theory; this paper is dedicated to the proposition that this representation theory can be understood more clearly by choosing a different presentation. After the initial appearance of this paper on the arXiv, Griffeth pointed out to us that an almost identical presentation appeared in [Gri, §3.3] , where it was studied with quite different motivations. This presentation is also closely related to a presentation for a partially spherical subalgebra of H independently discovered recently by Braverman-Etingof-Finkelberg [BEF] .
In Section 2, we describe this presentation, and prove that it gives the Cherednik algebra. This presentation may not look obviously simpler than the familiar one introduced by Etingof and Ginzburg [EG02, (1.15) ], but it does have a graphical calculus which allows it to be described in terms of small local relations (much like the KLR algebras [KL09, Rou] ). Furthermore, it has another dramatic advantage: it contains a manifest polynomial subalgebra defined by Dunkl and Opdam [DO03, Def. 3.7] . This subalgebra commutes with the Euler element (unlike the usual polynomial subalgebras, where all generators have weight ±1 in the Euler grading). While exploited profitably in earlier papers of Dunkl and Griffeth [DG10, Gri] , there is much more this subalgebra can tell us about the representation theory of these algebras.
In Section 3, we turn to using this presentation to study the representation theory of the Cherednik algebra, using weight spaces for the Dunkl-Opdam polynomial subalgebra. This allows a new interpretation of previous work of the author relating category 1 O of Cherednik algebras to weighted KLR algebras [Webb] , a key step in proving Rouquier's conjecture on the decomposition numbers of category O for Cherednik algebras (this result was proved by other methods in [RSVV, Losb] ). That work depended on a very indirect method using uniqueness of highest weight covers, whereas using this new presentation, it can be proven directly. Similarly, the Knizhnik-Zamolodchikov functor of [GGOR03] , which had only been constructed analytically before, can be realized as a sum of weight spaces for the Dunkl-Opdam polynomial subalgebra (in particular, we can define the KZ functor over an arbitrary characteristic 0 field, not just C). These results are only valid in characteristic 0, but this technique is also promising for studying the Cherednik algebra and coherent sheaves on Hilbert schemes in characteristic p.
In Section 4, we discuss the original motivation for this presentation: to exhibit an isomorphism between the spherical Cherednik algebra and the Coulomb branch of a certain 3-d gauge theory. While this paper was in preparation, this isomorphism was proven independently by Kodera-Nakajima [KN] . This isomorphism looks quite strange in the usual presentation of the Cherednik algebra, and quite natural in the alternate one given here. It would be quite interesting to find a geometric description of the Cherednik algebra like the BFN construction of the Coulomb branch [Nak, BFN] , in terms of convolution in homology.
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An alternate presentation
Let be a field of characteristic coprime to ℓ and ζ be a primitive ℓth root of unity in . For most purposes, we can take = C and ζ = e 2πi/ℓ . Let Γ be the group of n × n monomial matrices with entries given by ℓth roots of unity; this group is a wreath product of S n with Z/ℓZ. It's generated by the permutation matrices (identified with S n ) and the matrices t j = diag(1, . . . , ζ, . . . , 1) with (t j ) jj = ζ and all other diagonal entries 1.
Fix parameters k, h 1 , . . . , h ℓ−1 , and let
We can equivalently fix the values s m = p(ζ m ) − m for m = 0, . . . , ℓ − 1.
We'll consider the cyclotomic rational Cherednik algebra H for Γ, generated over K[Γ] by two alphabets of commuting variables x 1 , . . . , x n , y 1 , . . . , y n . The former transform in the defining representation of Γ and the latter in its dual. The final relation is
We will use slightly different conventions here, following the conventions of [GL, §2.1.3] , fixing parameters k and h 0 , . . . , h ℓ , so these relations take the form:
Consider the free K algebraÃ generated by the group algebra KΓ and the symbols σ, τ, and u i for i = 1, . . . , n. We define u i , t i ∈Ã for any i ∈ Z by the rule u i = u i−n − , and t i = t i−n ζ.
Definition 2.1 We let A be the quotient of this algebra by the relations:
Remark 2.2. Note that these relations are closely related to those for the degenerate DAHA given in [BEF, Def. 2 .1], and should be regarded as a higher level version of this presentation.
We can represent these elements graphically as string diagrams on a cylinder with a seam. We'll draw these on the page with the cylinder cut along the seam. The generators are:
The relations of Γ and (2.1a-2.1k) are determined by simple local rules such as:
Consider the permutations χ i = (i, . . . , 1) and υ i = (i, . . . , n). 
The elements χ i συ
and υ i τ χ
have natural graphical representations:
Proof. First we need to check the compatibility of this map with the action of Γ. Note that the images of x i and y i compute with transpositions except (i, i ± 1), and
This establishes equivariance for S n ⊂ Γ. Furthermore,
i . Similar calculations show that these elements commute with the other t j 's. Thus, these elements have the correct commutation relations with Γ.
Therefore, we need only check that they have the correct commutator with each other:
Similarly,
Thus, combining (2.2-2.5), we see that
Thus, we have verified the existence of a map H → A. The inverse is defined by
so this map is an isomorphism.
Lemma 2.4 Under this isomorphism, the deformed Euler element eu of the Cherednik algebra matches
Proof. This follows immediately from (2.9) and the formula for the deformed Euler element given in [GL, §2.3.5] .
Lemma 2.5 The elements u i for i = 1, . . . , n generate a subring of A isomorphic to
Proof. The elements u i commute by (2.1f). Furthermore, their images in the associated graded gr
given by x 1 y 1 , . . . , x n y n . Since these are algebraically independent, the u i are as well, and so they generate a copy of the polynomial ring.
Thus, considering the simultaneous eigenspaces of these operators gives a finer decomposition of the Euler eigenspaces which we will study in the following section.
Note that this presentation allows us to give a "strange" polynomial representation of the Cherednik algebra on the ring U of polynomials over K in the variables U 1 , . . . , U n and T 1 , . . . , T n modulo the relations T ℓ i = 1. As before, we define U i , T i for all i ∈ Z, by the formula
To distinguish between the polynomial representation we wish to define and the action of Γ on polynomials induced by its linear action, we use f σ to denote the image of f under the latter action of σ ∈ Γ. The desired representation sends
where
n . This is an extension to the whole Cherednik algebra of the action by difference operators introduced by Kodera-Nakajima in [KN, Thm. 1.5] .
This representation is generated by the constant function 1, subject to the left ideal of relations generated by
Note that if we transport structure from this representation to the Cherednik algebra H then the formulae for the action of x i and y i will be quite complicated. Note also that the invariants of Γ acting on the ring U are simply the S n -invariant functions in the variables U i (for the usual action or equivalently, the dAHA action).
Thus, the spherical Cherednik algebra eHe acts naturally on these symmetric polynomials.
In the discussion above, we can think of s 0 , . . . , s ℓ−1 , k as formal variables, in which case, we'll obtain an action on
Weighted KLR algebras
This presentation gives a concrete equivalence between a category of representations of the Cherednik algebra, and representations of a weighted KLR algebra, originally proven in [Webb] . In this section, we set = 1 for simplicity, and assume that we have numerical parameters k, s i ∈ . By Lemma 2.4, any module where the Euler element eu acts with finite dimensional generalized weight spaces lies in this category. In particular, any module in the GGOR category O is a weight module in this sense.
Of course, for each pair a ∈ n and z ∈ µ ℓ ( ) n , we have an exact generalized weight space functor
Consider the additive quotient group /ℓZ. We have a natural homomorphism
Fix a subset D of /ℓZ, and let
We give D the structure of a quiver by adding an arrow m → m − kℓ whenever both lie in D. Note that if k = a/e ∈ Q, then D is a subgraph of a union of e-cycles, whereas if k / ∈ Q then D is a subgraph of a union of infinite linear quivers. Let H -mod D be the subcategory of H -mod u killed by the functors W a,z where (a i , z i ) / ∈D.
3.1. Characteristic 0. Assume that is a field of characteristic 0. Accordingly, is a Q-vector space, and using the axiom of choice, we can choose a Q-linear map Υ : → R which sends 1 → 1. Note that making this choice, we have another divergence between two important cases: if k ∈ Q, then we must have Υ(k) = k; on the other hand, if k / ∈ Q, then Υ(k) can be chosen freely. For example, in the latter case, we could without loss of generality assume that Υ(k) = 0. Note that while our precise description of the attached weighted KLR algebra will depend on the choice of Υ, this choice is purely auxilliary, and changing it will result in two algebras which are isomorphic by [Webc, 2.15] . This category has a natural description in terms of weighted KLR algebras. Consider the reduced weighted KLR algebra attached to the quiver D, with the weighting on each edge given by Υ(k), together with a Crawley-Boevey vertex added. The edges to the Crawley-Boevey vertex are in bijection with indices i such that −s i (mod ℓZ) ∈ D; this is the connected vertex, and the weighting of the edge is Υ(−p(ζ i )). Note that this means that two edges connected to the same vertex can never have the same weighting. Here again we see an important dependance on whether k ∈ Q. In this case, we are forced to use weightings in an essential way, whereas if k / ∈ Q, then we can make the weighting on every edge in D trivial.
Choose ǫ ∈ R to be smaller than |Υ(a i −a j )|/n for any pair i and j with Υ(a i −a j ) = 0. For every pair of n-tuples a and z as above, we can define a loading as follows: we send Υ(a i ) + iǫ to the element a i + Γ(z i ) ∈ D. Consider the reduced weighted KLR algebra R D where the loadings listed above are the allowed weightings; we'll also consider the completion R D of this algebra with respect to its grading. We let e(a, z) denote the idempotent corresponding to this spectrum in R D or the completion R D .
Since there is a real danger of being buried in an avalanche of notation, let us simplify a bit here: assume that k = 1/e, consider 1 /ℓD = 1 /eZ/Z, which thus has the usual cyclic quiver structure. Furthermore, assume that s i /ℓ ∈ 1 /eZ for all i. Thus, we obtain a weighted KLR algebra for the cyclic quiver with a Crawley-Boevey vertex, with nontrivial weight 1/e assigned to every edge of the cycle, as in [Webb] . In this case, we haveD = {(a, ζ m ) | ea ≡ −m (mod ℓZ)}.
In this case, we must have a = Υ(a), so:
(*) an appearance of a as an eigenvalue corresponds to a strand at x = a (with the order in a breaking ties when a i = a j ), with label determined by the class of (a − m)/ℓ ∈ 1 /eZ modulo Z.
Amongst the loadings we can realize associated to such (a, z) are the loadings i ξ associated to a ℓ-multipartition ξ of n in [Webb, §2.2.3] . Given a multipartition, pick a standard tableau on its diagram filled with the integers {1, . . . , n} (our loading will be independent of this choice of tableau up to isomorphism). If the box with entry m is in the box (u, v, w) in the uth row and vth column of the wth component of the multitableau, then we let
The resulting idempotent e(a, z) is isomorphic to the idempotent e i ξ via the straightline diagram. They are not quite the same due to different conventions about ǫ-shifts, but these differences are inconsequential. Now, consider the case where k / ∈ Q. As mentioned before, we can assume that Υ(k) = 0. Let D = kℓZ, so this is an A ∞ quiver identified with Z, and again, assume that s i = ℓkp i for p i ∈ Z. So, we obtain a KLR algebra with no weights on the edges of this A ∞ quiver, and the weights on new edges just reflects the order on the s i 's, since
By [Webc, 3.5], the resulting weighted KLR algebra isT λ n as defined in [Weba, §4] , where λ = (λ 1 , . . . , λ ℓ ) is the list of dominant weights for A ∞ defined by λ i = ω p ℓ+1−i .
Note that the extended affine Weyl group S n ⋉ Z n acts onD n by permutations and translations sending (a, z) → ((a 1 + m 1 , . . . , a n + m n ), (ζ −m 1 z 1 , . . . , ζ −mn z n )).
Two pairs lie in the same orbit if and only if their images in D agree up to permutation of the entries. Consider the length 0 element
For two pairs (a, z) and (a ′ , z ′ ) = π · (a, z) with π in the extended affine Weyl group, we let ξ(a, z, π) be the straight-line diagram connecting these loadings. Let r m = (m, m + 1).
Note that the quotient
is itself a weight module. These modules form a projective system, whose projective limit P a,z represents the functor W a,z .
Lemma 3.2 There is an isomorphism
such that Ξ(e(a, z)) is the projection to P a,z , and the dot y m e(a, z) on the strand corresponding to (a m , z m ) is sent to Ξ(y m e(a, z)) = (u m − a m )e(a, z).
We have that Ξ(ξ(a, z, r m )) = e(a, z)r m if z m = z m+1 and if z m = z m+1 , then
Furthermore,
In the formulas above, we have used that if f is a n-variable polynomial such that f (a 1 , . . . , a n ) = 0, then f (u 1 , . . . , u n )e(a, z) can be inverted, using the geometric series.
Proof. First, note that the space e(a ′ , z ′ ) · R · e(a, z) has a basis over polynomials in the dots which is in bijection with the elements of the extended affine Weyl group sending (a, z) to (a ′ , z ′ ). Writing a reduced expression of this element, times a power of the length 0 rotation shows how to write this basis vector (modulo those corresponding to shorter elements of the Weyl group) as a product of straight-line diagrams. More precisely, we see that R D is generated over the dots by the diagrams Ξ(a, z, r m ) and Ξ(a, z, ν ± ). In order to calculate the images of these elements, note that the action of θ m = (u m − u m+1 )r m + kℓ and r m − 1 in the polynomial representation can be described as:
The confirmation that these define a homomorphism is just a simple calculation with completed polynomial representations, comparing that for A with the polynomial representation of the weighted KLR algebra introduced in [Webc, Prop. 2.7] . The formulas of (3.2) show that:
The four cases in (3.2) correspond to:
(1) There are only crossings that in the diagram ξ that act trivially on the polynomial representation. (2) There is a ghost crossing in ξ corresponding to an edge Σ(a m+1 , z m+1 ) → Σ(a m , z m ) in D where the strand moves left to right. (3) There is a crossing of strands with the same label Σ(a m , z m ) = Σ(a m+1 , z m+1 ), but no ghost crossing. (4) There is both a strand and a ghost crossing, corresponding to a loop at Σ(a m , z m ) = Σ(a m+1 , z m+1 ).
Thus, these match the formulae of [Webc, Prop. 2.7] . In the case of ξ(a, z, ν ± ), this same correspondence is easily confirmed, since the straight line diagram ξ(a, z, ν) only has a ghost crossing crossing if Υ(a 1 ) > Υ(a m − kℓ) > Υ(a 1 ) − 1, which is impossible if a 1 and a m lie in the same component of D (since then they would differ by a multiple of kℓ), and a red/black crossing if Υ(a 1 ) ≥ Υ(−p(z 1 )) > Υ(a 1 ) − 1, but this red/black crossing only has an interesting action if a 1 = −p(z 1 ); Note that in this case, if z 1 = ζ m , we have that the label on the corresponding strand is a 1 + Γ(z 1 ) = −p(ζ m ) + m = −s i , so the class of −s i (mod ℓZ) is the node labeling the corresponding red line. a similar analysis shows that ξ(a, z, ν −1 ) never has a crossing that acts non-trivially. This shows that we have a homomorphism R D → End( a,z P a,z ). Note that the annihilator of
is the 2-sided ideal I N generated by y N i . We let J N denote the 2-sided ideal generated by all elements of degree ≥ N. Obviously I N ⊂ J N , and these generate the same topology, since R D is a finitely generated module over the polynomials in y i . Thus the homomorphism above extends to a continuous homomorphism R D → End( a,z P a,z ).
The fact that the polynomial representation of R D is pulled back by this homomorphism shows that the homomorphism is injective. On the other hand, the formulas above show that the topological generators of H are in its image, so it is surjective as well. Thus, we obtain the desired isomorphism (3.1).
Theorem 3.3 The functor
is fully-faithful, and its essential image is the subcategory of R D modules N such that e(a, z)N is finite dimensional for all (a, z).
Proof. The exactness of the functors W a,z shows that the limits P a,z are projective. This shows that the functor W is full, since any homomorphism between modules lifts to their projective resolutions. The functor W is faithful since any module in H -mod D killed by all the weight functors W a,z is trivial. This functor has an adjoint
with the property that
Thus, if the latter is finite dimensional then h(N) is a weight module, showing that N is in the image of a weight module under the functor W.
3.2. Positive characteristic. Lemma 3.2 fails as stated if is a field of characteristic p; its very statement uses the existence of Q-linear maps → R. However, the functor W and the general strategy of computing its endomorphisms remain valid. The result is quite interesting because of its relationship to the coherent sheaves on the degree n Hilbert scheme of C 2 /(Z/ℓZ). More precisely, consider the case where = F p for p ∤ ℓ, and D is the (finite) set of all pairs possible in this field; let Coh pun (Hilb n (C 2 /(Z/ℓZ))) be the category of coherent sheaves on the Hilbert scheme supported on a formal neighborhood of the punctual Hilbert scheme. In the case of ℓ = 1, this is a well-established result of Bezrukavnikov, Finkelberg and Ginzburg: 
A version of this result also holds for ℓ > 1, but seems not to have been carefully established in the literature.
We'll discuss the computation of End(W) in a more general context in future work, where we can give more detailed context; the combinatorial description of this endomorphism algebra is a cylindrical version of the KLR algebra which has not yet been introduced in the literature. This modified KLR algebra is actually a more useful object for algebraic geometers than the Cherednik algebra, since even in characteristic 0, it appears as the endomorphisms of a tilting bundle on the Hilbert scheme, and thus can describe all coherent sheaves, not just those set-theoretically supported on the punctual Hilbert scheme.
This also fits into a more general context about Coulomb branches (as discussed in Section 4) in characteristic p, which we do not have the space to develop here.
3.3. Category O. For a fixed choice of parameters k, s i ∈ , we let
As before, this is a union of finite linear quivers if k / ∈ Q or n is small; it is a union of e-cycles if k = a/e in reduced form, and n > e/2.
As noted earlier, H -mod D has a natural subcategory O + consisting of finitely generated modules on which x i acts nilpotently, considered by [GGOR03] ; we can equally well consider O − , where y i acts nilpotently, which is the Ringel dual of O + by [GGOR03, 4.11] . In [Webb, Th. A], this category is related to a quotient of the weighted KLR algebra: the steadied quotient. We'll only be interested in a special case of this notion (which in general depends on a choice of stability condition). We'll say that a loading is unsteady (for the positive stability condition) if there exists a real number δ ≥ Υ(−p(ζ i )) such that a non-empty set of points in the loading have x-value > δ + |Υ(k)|, and all others have x-value ≤ δ. There is also a negative stability condition where all signs above are reversed: we have δ ≤ Υ(−p(ζ i )), a non-empty set of points have x-value < δ − |Υ(k)|, and all others have x-value ≥ δ. The quotient by all unsteady loadings (for one stability condition) is called the steadied quotient; we denote these by R D (±) for the positive/negative stability condition.
Note that these algebras have a number of desirable properties: they are cellular and highest weight (since new edges connected to the same vertex in D always have different weightings) by [Webb, Th. B].
Theorem 3.5 The functor W induces an equivalence
Proof. Since the proof is the same in both cases, we consider the case of O − . The pair (a, z) corresponds to an unsteady loading if and only if there exists I ⊂ [1, n] and a real number δ ≤ Υ(−s i ) for all i such that Υ(a i ) < δ − |Υ(k)| if i ∈ I and Υ(a i ) ≥ δ if i / ∈ I. Note that permuting an element of I past one in [1, n] \ I gives an isomorphism between the corresponding weight functors, so without loss of generality, we can assume that I = [1, q]. Similarly, we have an isomorphism of W a,z ∼ = W ag,z where a g = (a 1 − gℓ, . . . , a q − gℓ, a q+1 , . . . , a n ), since the corresponding loadings are connected by a crossingless diagram. If N ∈ O, then N must be killed by W ag,z for g ≫ 0, since the Euler eigenvalues of N are bounded below. Thus, W(N) is killed by e(a, z) for any unsteady loading, and thus the action on it factors through the steadied quotient.
On the other hand, if the action on M factors through the steadied quotient, then h(M) has Euler eigenvalues which are bounded below, since any pair (a, z) with Υ(a j ) sufficiently negative must be unsteady; specifically, if Υ(a j ) < n(min(−s i ) − |Υ(k)| then the loading must be unsteady. Since h(M) is finitely generated, and the action of eu is locally finite, this shows that h(M) lies in category O.
Perhaps a few remarks are called for about the match of this result with [Webb, Thm. 4.7] . Theorem 3.5 is more general, since it does not assume that = C. To recover [Webb, Thm. 4.7] , we consider the case where Υ : C → R is given by taking real part. The match of these results in the case where both theorems apply uses an automorphism of the weighted KLR algebra:
• If you reflect the diagrams through the y-axis, the resulting algebra is isomorphic (and uses the opposite stability condition.
• If you reverse the orientation on the cycle, and negate its weighting, the resulting algebra is isomorphic.
Thus, the fact that for O + we use the positive stabilization (when [Webb] uses the negative) cancels with the fact that we used Υ(−p(ζ i )) as the x-value of our red lines (which is also the negative of the convention in [Webb] ). Furthermore, the two results use opposite orientations (reversed by the second step above), but the same weighting (which is negated by both steps above, and thus preserved). Thus, indeed, the results are compatible.
Finally, we turn to considering the KZ functor of O ± . This functor has a categorical interpretation: it is represented by the sum of all self-dual projectives, with multiplicities given by the dimensions of simple modules over Hecke algebras at roots of unity. The functors W a,z are also represented by projectives and thus it is natural to try to express the KZ functor in terms of them.
Choose a fixed lift ϕ :
Proof. As before, the argument is identical for the two different signs, and so we consider O − . We need only show that there is an isomorphism between the representing projectives. For d ∈ D N , we can define a loding which places a dot with label d m at x = mN. Let e s,n ∈ R D (−) be the sum of the idempotents for these loadings. From the isomorphisms of Theorems 3.3 and 3.5, we know that ⊕ d∈D n W a The endomorphisms of the functor ⊕ d∈D n W a ± d ,1 are isomorphic to the cyclotomic KLR algebra with n strands corresponding to the highest weight ℓ i=1 ω s i . Previous work of Brundan and Kleshchev [BK09] has constructed an isomorphism of these to the cyclotomic Hecke algebras which naturally act by monodromy on KZ.
Coulomb branches
This isomorphism makes it easy to see the relationship between the cyclotomic Cherednik algebra and quantum Coulomb branches. Consider the GL n representation V = gl n ⊕ (C n ) ⊕ℓ , and consider the BFN space
as discussed in [Nak, BFN] . For an action of GL N on any space, we will use the term equivariant parameters to mean the equivariant Chern classes of the trivial bundle with fiber C N . The BFN space has:
(1) an action of C * by loop rotation with equivariant parameter ; (2) an obvious action of GL n [[t]] with equivariant parameters e i (U); (3) an action of GL ℓ on the multiplicity space of C n with equivariant parameters e i (s); (4) an action of C * by scalar multiplication on gl n with equivariant parameter k.
All of these actions commute. We let G be the product of the first two, and H the product of the last two. Consider the G × H-equivariant Borel-Moore homology A = H G×H * (X); this algebra is the quantum Coulomb branch of the gauge theory attached to V . This algebra acts naturally on the
, which is the same as that of a point, that is, a polynomial ring over in the equivariant parameters , e i (U), e i (s), k. 
In [dBHOO97] , the commutative Coulomb branch of the corresponding gauge theory is described as the cone Sym n (C 2 /(Z/ℓZ)); by the uniqueness of quantizations shown by Losev [Los12, Losa] , we must have that A is isomorphic to eHe, which is a wellknown quantization of this variety. However, having a concrete understanding of this isomorphism is of course, more useful, and more revealing about the structure of both algebras. Since a proof of this result was recently given by Kodera-Nakajima [KN] , we will only sketch the isomorphism below. However, we believe it is of some independent interest, since this isomorphism is quite straightforward given the isomorphism of Theorem 2.3. Let us prove a slightly stronger (but none the less easier) version of this theorem. The BFN space can be replaced by its Iwahori analogue is just the idempotent symmetrizing for the action of (Z/ℓZ) n . Both these algebras act naturally on U ∼ = H * I×C * ( * ), identifying the variables U i with the Euler classes of the tautological line bundles on the classifying space of I. This extension is also proven by Braverman-Etingof-Finkelberg [BEF, §4.2] with a similar proof.
Proof. In both cases, we have a copy of polynomial multiplication, given by the e ′ u i in e ′ He ′ and the Chern classes of tautological bundles in A ′ . We also have copies of S n which act as in dAHA. In A ′ , this is given by the pullback of the action of S n on the Springer sheaf. Finally, the shift element e ′ y ℓ−1 n τ e ′ agrees with the shift correspondence
} and e ′ x ℓ−1 1 σe ′ agrees with the correspondence
} To see that these act the same way, we need only check their commutation with u i , as in (2.1g-2.1h), and that they act correctly on the unit. The commutation is clear, since the shift correspondence simply reindexes the tautological line bundles.
The element e ′ y The obstruction to this is the constant term of the first component of v(t). This is a section of ℓ copies of the tautological bundle on the affine Grassmannian, which transform according to the standard representation of GL ℓ . Thus, [X σ ] · 1 is just the Euler class of this line bundle. Using the notation introduced before and the Whitney sum formula, this is indeed + · · · + e ℓ (s).
Since this agrees with (4.1), this completes the proof that we have a map e ′ He ′ → A ′ . We note that X ′ has a cell decomposition pulling back the Schubert decomposition, and this map hits the fundamental class of each cell. Using the shift elements constructed above, we see that the map from e ′ He ′ hits the classes of Schubert cells for all simple reflections. Multiplying the classes of the simple reflections in the reduced decomposition of an element of the Weyl group hits the class of the corresponding Schubert cell, plus those of shorter length, by a standard argument (see, for example, [SW, Lemma 3.13] ). Thus, the map is surjective, and the proof is completed.
